In this work, the controversy between the interpretations of recent measurements on dense aluminum plasma created with Linac coherent light sources (LCLS) X-ray free electron laser (FEL) and Orion laser has been addressed. In both kind of experiments, helium-like and hydrogen-like spectral lines are used for plasma diagnostics . However, there exist no precise theoretical calculations for He-like ions within dense plasma environment. The strong need for an accurate theoretical estimates for spectral properties of He-like ions in strongly coupled plasma environment leads us to perform ab initio calculations in the framework of Rayleigh-Ritz variation principle in Hylleraas coordinates where ion-sphere potential is used. An approach to resolve the long-drawn problem of numerical instability for evaluating two-electron integrals with extended basis inside a finite domain is presented here. The present values of electron densities corresponding to disappearance of different spectral lines obtained within the framework of ion-sphere potential show excellent agreement with Orion laser experiments in Al plasma and with recent theories. Moreover, this method is extended to predict the critical plasma densities at which the spectral lines of H-like and He-like carbon and argon ions disappear. Incidental degeneracy and level-crossing phenomena are being reported for the first time for two-electron ions embedded in strongly coupled plasma. Thermodynamic pressure experienced by the ions in their respective ground states inside the ion-spheres are also reported.
Introduction
The study of confined quantum mechanical systems has attracted immense attention from researchers around the world due to the novel and unusual structural properties exhibited by such systems when subject to spatial limitation [1] . A wide variety of physical situations are manifested in nature that relates to spatially confined systems such as atoms or molecules trapped in zeolite sieves [2] , fullerenes [3] , plasma environment [4] , solvent environment [5] , under high pressure in the walls of nuclear reactors [6] , quantum dot or artificial atom [7] , molecular containers, storage of fuel cells [8, 9] , matter under high pressure in Zovian planets [10] etc. Along with the experimental and technological development, theoretical research plays a fundamental role for designating appropriate models in order to explore and predict the behavioral changes of a confined system. The present study is focused on atomic systems embedded in plasma environment. In recent years, atoms placed in external plasma environment have received considerable attention from researchers [11] [12] [13] [14] [15] [16] [17] [18] [19] due to their wide applications in various disciplines of science e.g. astrophysics, condensed matter physics, biology etc. While dealing with plasma that follows classical statistics, a coupling parameter (Γ) defined as the ratio of the average electrostatic energy and the average thermal energy is introduced.
Γ < 1 corresponds to weakly coupled plasma (WCP) for which the effective potential experienced by the embedded ion is expressed according to Debye model [20] and Γ ≥ 1 denotes strongly coupled plasma (SCP) where the potential is taken from Ion-sphere (IS) model [21] . According to the IS model, a sphere (termed as Wigner-Seitz sphere) surrounding a positively charged ion is considered in such a way that the plasma electrons within the sphere neutralize the positive ion. The size of the Wigner-Seitz sphere will decrease when the number density of plasma electrons (n e ) increases. The temperature (T ) of the plasma does not appear directly in this model but it is implicit as n e is different for different temperatures. The domain of the effective potential representing the SCP surrounding is finite in case of IS model in contrast to the long range character of the screened Coulomb potential used in Debye model [20] for WCP environment. The examples of WCP's are the gaseous discharge plasma (T ∼ 10 4 K and n ∼ 10 11 /c.c), plasma in controlled thermo-nuclear reaction (T ∼ 10 8 K and n ∼ 10 16 /c.c), solar coronal plasma (T ∼ 10 6 − 10 8 K and n ∼ 10 6 − 10 10 /c.c), Tokamak plasma (T ∼ 10 5 − 10 7 K and n ∼ 10 8 − 10 16 /c.c) etc. SCP's (temperature varies and typical densities ≥ 10 23 /c.c.) are observed in highly evolved stars in high density states, interior of Jovian planets, explosive shock tubes, two-dimensional states of electrons trapped in surface states of liquid helium, laser produced plasmas etc. Spectral line shifts, pressure ionization, ionization potential depression (IPD) and line merging phenomena occur in SCP environment due to the deformation of the ionic potential by the plasma fields. Such properties and knowledge about ion-plasma interaction can effectively be utilized for diagnostics and the investigation of X-ray opacity of matter under conditions prevailing in stellar interiors. The experimental observations using laser produced plasmas for C, Al and Ar by Nantel et. al. [22] , Saemann et. al. [23] and Woolsey et. al. [24] have explicitly demonstrated the effect of SCP on the spectral properties of such systems. The laboratory plasma conditions (T and n e ) undergo rapid changes w.r.t. where local thermodynamic equilibrium is not maintained. Consequently, the experimental measurements become extremely complicated leading to a loss of accuracy and, till the end of the last century, this accuracy level was not even mentioned in most of the experiments.
In recent years, a remarkable improvement has been made [25] [26] [27] [28] with the advent of Linac Coherent Light Sources (LCLS) towards creation of relatively long-lived high-density plasma at homogeneous temperature and densities. In these experiments, X-ray free-electron Laser (FEL) was used to create plasma with densities up to almost one order higher than solid Al and then spectral line profiles of different charge states of Al were used for diagnostics. The effect of IPD on the emitted spectra as a function of n e is explored experimentally by observing the disappearance of spectral lines of H-like and He-like Al. During the observation of K-shell fluorescence of highly charged Al, Ciricosta et al. [27] found that the IPDs measured were not consistent with the predictions of the most widely used theoretical model of Stewart and Pyatt (SP) [29] but in good agreement with an earlier model due to Ecker and Kröll (EK) [30] . However, this observation was questioned in a subsequent theoretical study by Preston et al. [31] where detailed simulations were carried out for the spectral lines of H-like and He-like Al to study IPD by using both SP and EK (in a modified form) models. In experiments, the intensities and Stark-broadened widths of He-β and Ly-β spectral lines are used for main diagnostics. A direct measurement of ionization potential depression is a difficult task because of its indistinguishability from the effect of spectral line merging due to Stark broadening [32] . Hoarty et al. [33, 34] have been able to overcome this difficulty and their measurements for Al plasma using Orion laser are in closer agreement with SP model of IPD than the EK model. This situation clearly warrants extensive and accurate ab initio study of atomic structures within dense plasma environment. Very recently, Son et al. [35] have adopted a two step Hartree-Fock-Slater approach to assess the IPD effect for Al 3+ to Al 7+ within plasma where a muffin-tin flat potential was used. The IPDs calculated by Son et al. [35] lie between the SP and modified EK models and in some cases, are close to SP model. But so far, no extensive theoretical calculation on IPDs for He-like ions has been performed. It should be noted here that both SP model and EK model for estimating IPDs are derived within the framework of IS potential. The only theoretical work for He-like ions in the field of SCP by using IS potential is due to Sil et. al. [36] where both non-relativistic and relativistic calculations were carried out using time-dependent perturbation theory. Though Sil et. al. [36] demonstrated that the relativistic IS model yields consistent results in predicting the spectral line positions for the systems considered, some anomalies such as better agreement of non-relativistic results with experiments than relativistic ones are observed in their data [36] . Such strange features may arise due to improper inclusion of electron correlation in basis set within a finite region. A major challenge for precise theoretical calculations is, therefore, to develop an appropriate methodology where the effect of electron correlations within a finite domain is aptly included.
To the best of our knowledge, there exists no calculation of He-like atoms embedded in SCP using Hylleraas type basis set though it is well accepted that within the framework of Ritz variational technique, explicitly correlated wave functions expanded in terms of Hylleraas basis (and its variants) can produce most accurate non-relativistic energies of He-like atoms. These methods have been applied extensively to free He-like systems whereas for spatially confined two-electron systems, such studies are limited to S states only [37] [38] [39] [40] . According to Laughlin and Chu [39] , the generalized Hylleraas basis sets used in such calculations suffer the loss of linear independence for large dimensions of the wave functions and hence all the calculations [37] [38] [39] [40] were limited to small dimensions (at best 25). Laughlin and Chu [39] made an effort to remove this difficulty and extended the basis size up to 95 parameters where they have to compromise with the flexibility of the non-linear parameters. Recently, for
1 S e states of He-like systems under spherical confinement, the present authors have calculated the energy values [41] by using standard Hylleraas basis set of dimension 161 and the results have been confirmed by Montgomery and Pupyshev [42] . In the present work, a successful effort has been made to develop a general methodology in Hylleraas basis for both S and P states of He-like systems. The finite domain two-electron integrals with flexible parameters are evaluated where the problem of linear dependency in larger dimensions is clearly avoided.
We have estimated precise non-relativistic energy values of 1sns ( 1 S e ) [n = 1 − 3] and 1sn
states of He-like C, Al and Ar within SCP environment. Accuracy of the computed energy eigenvalues have been tested systematically over an extended range of parameters and also by increasing the number of terms (N) in the expanded basis sets. The plasma densities (n e ) are varied from a low value that corresponds to almost a free system to a very high one that leads the ion towards destabilization. The plasma electron densities in different experimental conditions [22] [23] [24] [25] [26] [27] [28] 33] are well covered within the density ranges studied here. The energy eigenvalues of ns
states of H-like C, Al and Ar in SCP are also estimated to determine the variation of ionization potential (IP) w.r.t. n e . As n e increases, both the two-electron excited states as well as the respective one-electron threshold move towards destabilization, thereby reducing the IP. It is remarkable that after a certain value of n e , the two-electron energy levels move above the respective one-electron energy level and become quasi-bound. Incidental degeneracy [43] and subsequent level-crossing phenomenon between the excited states such as 1s2s ( 1 S e ) and 1s2p ( 1 P o ) under SCP have been observed. Such features are novel in the context of foreign atoms in SCP and being reported for the first time in literature. Due to spatial restriction imposed upon the wave function according to IS model under SCP environment, the ion will feel a pressure inside the Wigner-Seitz sphere. The variation of thermodynamic pressure w.r.t. plasma density is also calculated. The paper is organized as: an outline of the basic theory used and details on the evaluation of the basis integrals are given in Section 2, followed by a discussion on the results in Section 3 and finally concluded in section 4 with a view towards further application of the present methodology in related fields.
Method
The non-relativistic Hamiltonian (in a.u.) of a two-electron ion placed inside SCP environment can be written as
V IS (r i ) is the one-electron term of the modified potential energy as 'seen' by the i-th electron within plasma environment. It is to be noted that in this model, the electronic repulsion part in the potential is completely unaltered. The spherically symmetric potential V IS (r i ) experienced by a positive charge ion surrounded by a one-component plasma within the ion-sphere [21] is given by
where R is the Wigner-Seitz radius [21] , i.e. the radius of the surrounding ion-sphere, Z is the nuclear charge and N e (< Z) is the number of electrons present in the ion. For helium-like ions, N e = 2 is being taken. The Schrodinger equation HΨ = EΨ is to be solved to obtain the energy eigenvalues where the wave function is subject to the normalization condition Ψ|Ψ = 1 within the sphere. The structure of the potential demands that there is no electron current taking place through the boundary surface of Wigner-Seitz sphere, and the orbital wave function Ψ satisfies the boundary condition
This boundary condition plays a significant role in behavioral changes of the confined atoms. The plasma electrons within the ion-sphere neutralize the central positive charge and the size of the Wigner-Seitz sphere is determined by the condition of overall charge neutrality that yields
The above expression for 'R' is used to determine the IPD according to the SP model [29] . However, in EK model [30] for determining the IPD, this radius was calculated in a somewhat different way where both the electron density (n e ) and ion density (n i ) are considered. According to EK model [30] , the radius of the sphere would be expressed as
The EK model [30] is relevant when the ion density is appreciably high and can affect the mean separation of the free electrons.
Due to the translational symmetry of the Hamiltonian of a two-electron ion, the degrees of freedom reduce from nine to six by separating the motion of the centre of mass. These six coordinates can be taken as the sides of the triangle r 1 , r 2 , r 12 formed by the three particles, i.e., two electrons and the fixed nucleus and the Eulerian angles (θ, φ, ψ) defining the orientation of this triangle in space. The wave function obeying symmetry properties under particle exchange may be written as [44] 
θ 12 is the angle between − → r 1 and − → r 2 . The summation in eq. (6) goes over every alternate value of κ, where κ = |k|. k is the angular momentum quantum number about the body fixed axis of rotation whose value satisfies k L, L being the total angular momentum quantum number. 
where the upper limit of integration for r 1 and r 2 is R in contrast to infinity for the free atomic case. The upper and lower limits of integration for r 12 are (r 1 + r 2 ) and |r 1 − r 2 |, respectively. The volume element is expressed as
For S-states, L = κ = 0 and the wave function Ψ S can be written as
wheref S (r 1 , r 2 , r 12 ) = f S (r 2 , r 1 , r 12 ). The correlated wave function [41] is written as
with f (r 1 , r 2 , r 12 ) = e −σ 1 r 1 −σ 2 r 2 l≥0 m≥0 n≥0
(11) σ 1 and σ 2 are the nonlinear parameters taking care of the effect of radial correlation in the wave function whereas the angular correlation effect is incorporated through different powers of r 12 . C's are the linear variational parameters. The total number of parameters (N ) in the basis set is defined as the total number of different (l, m, n) sets (eq. 11) taken in the expansion of f (r 1 , r 2 , r 12 ).
For P state of odd parity (L = 1 and κ = +1, −1), the total wave function can be written as [46] 
The origin of 1 P o state due to sp configuration of two-electron atoms can be shown by expressing D 1+ 1 in terms of individual polar coordinates (θ 1 , φ 1 ; θ 2 , φ 2 ) as given below:
Similar expressions for D 
The nonlinear parameters i.e. σ's in eq. (11) and ρ's in eq. (18) for S and P states respectively are optimized separately using Nelder-Mead algorithm [47] . The linear variational parameters i.e. C lmn 's and D lmn 's along with the energy eigenvalues are obtained by solving the generalized eigenvalue equation
where H is the Hamiltonian matrix, S is the overlap matrix, C is the column matrix consisting of linear variational parameters and E is the corresponding energy eigenvalue. The wave function is normalized for each confining radius R to account for the reorientation of charge distribution within the Wigner-Seitz sphere. All computations are carried out in quadruple precision to ensure better numerical stability for extended Hylleraas basis sets within a finite domain.
The variational equation for nl ( 2 L) states of one electron ion within ion-sphere of radius R can be written as
where, the one-particle effective potential V IS (r) is taken from eq. (2) with N e = 1. The radial function f (r) is given by
where k = 0 and 1 for 2 S and 2 P states respectively. In this calculation, we have taken 21 different nonlinear parameters (ρ i 's) in a geometrical sequence ρ i = ρ i−1 γ, γ being the geometrical ratio [13, 48] . Such choice of non-linear parameters enable us to cover the full region of space in a flexible manner by adjusting γ. The energy values E's and linear co-efficients C i 's are determined from eq. (19) .
The truncation of wavefunction at a finite distance (eq. 3) imposes a thermodynamic pressure upon the ions which increases with increase of n e inside the sphere. We have calculated the pressure felt by all the hydrogen-like and helium-like ions in their respective ground state using the first law of thermodynamics. However,for excited states having finite lifetime, this approach is not valid as the equilibrium criteria is not maintained. Under an adiabatic approximation, the pressure on the ions in the ground state can be expressed as [41] 
Evaluation of two-electron integrals
The correlated two-electron basis integrals arising in the present calculations are of the form 
For S states, a ≥ 0, b ≥ 0, c ≥ 0 while for higher angular momentum states (P, D etc.), integrals with a = −1 also arises. After integration, the r 12 part of eq. (23) can be expanded as
For odd 'n', the upper limit of the sum in the right hand side would be replaced by
. The integrals from eq. (23) then reduce to the form
λ is a positive real number and k is a non-negative integer and we have used the standard integral
The integral A(a, b, c; α, β; R) is now evaluated for two different cases.
An exact analytical expression for A(a, b, c; α, β; R) corresponding to a ≥ 0, b ≥ 0, c ≥ 0 has been derived in a straightforward way using eq. (25) and the numerical values are displayed in table-1.
In the first column of table-1, different powers of r 1 , r 2 and r 12 i.e. a, b and c are given. For each set of (a, b, c), the non-linear parameters (α, β) given in the second column of table-1 are varied from very low to high values as obtained from the optimized values corresponding to different cases in the present work. The values of R varied in a wide range for each set of (a, b, c) and (α, β) are given in the fourth column of Case II:
After full expansion of the integral A(−1, b, c; α, β; R) over r 12 and r 2 by using eqs. (24) and (25) an integral I(α, β; R) arise which takes the form
The above integral I(α, β; R) is actually a converging infinite series with oscillatory terms. We have tested the evaluation of the term I(α, β; R) in two different approaches.
i) We can expand the exponential functions to evaluate the integral as
The expression (28) gives accurate value of integrals where the upper limit R is small, but fails to produce results when R is sufficiently high. ii) Alternatively, the integral I(α, β; R) may be written as
The r 1 -integral in the r.h.s of equation (29) is then evaluated using expression (25) . The integral I(α, β; R) is calculated by using both the expressions given in eq. (28) and eq. (29) . All the results corresponding to different sets of (α, β; R) are given in table 2 which shows excellent agreement among the results except for some high values of R used in eq. (28) . On the other hand, eq. (29) yields excellent results irrespective of the values of the parameters (α, β) over the complete range of R. In eq. (28), a term R q appears in the numerator that increases with increase in q. For low values of R, this term is balanced by q! in the denominator but for high R, a numerical instability appears because within the first few terms, R q bounces more rapidly than q!. In contrast, a term
e −αR appears in eq. (29) [after expanding the r 1 -integral according to eq. (25)] which falls rapidly as q increases due to the presence of the exponential term. To have a better understanding of the integrals, we have also checked the convergence of I(α, β; R) evaluated using eqs. (28) and (29) by increasing the number of terms in the infinite series and displayed the convergence behaviour in table 3 for R = 100.0 and 0.2 and two sets of (α, β). It appears from table 3 that for R = 100.0 the values derived from eq. (28) are clearly not acceptable but for low R, the final results match exactly though the convergence is slow for equation (28) . We have finally used eq. (29) to calculate the energy eigenvalues in the present work and taken 1000 terms in the corresponding infinite series to ensure the desired level of accuracy. In table 4 we have given the values of integral A(−1, b, c; α, β; R) corresponding to different sets of parameters. We have further observed that the integrals [eq. (29)] corresponding to R = 100 yield same result as obtained by using eq. (26) for R = ∞. This is mention further that all the integrals are checked with standard mathematical software.
Results and discussions
The energy eigenvalues of He-like C, Al and Ar in 1sns (
1 S e ) [n = 1 − 3] and 1sn
states have been calculated within SCP environment using the IS potential. We have studied the convergence of the energy values w.r.t. the number of terms (N ) in the wave function. Table 5 shows the convergence behaviour of C 4+ in 1s 2 ( 1 S e ) state for some selected values of R. We have obtained a similar convergence pattern for all the other ions and also for the excited states under consideration. The size of the basis has been extended systematically to N = 161 and 149 for 1 S e and 1 P o states respectively with l + m + n = 10 [eqs. (11) and (18)]. The convergence of the energy values are obtained at least up to the sixth significant digits. In fact, for some cases e.g. 1s 2 ( 1 S e ) state of C 4+ with R = 0.47 a.u., we have obtained convergence of energy values up to the eighth decimal place, as is evident from table 5. The above observation ensures that the present method can deal with extended basis sets to yield sufficiently accurate energy values within a finite limit.
The
It is worthwhile to mention that under one-component plasma approximation, the IS radius for a two-electron ion would differ from that for a one-electron ion corresponding to the same plasma electron density. We see that as n e increases, the energy levels move towards continuum which is a clear manifestation of the positive nature of IS potential. To check the overall behavior of the results, we have plotted the energy values (−E) of bound 1sns (
states of C 4+ with respect to IS radius (R) in figure 1 . It is evident from figure 1 that the energy values remain almost unaltered for a range of R and after that rapidly approaches towards the destabilization limit. Hence the variation produces a 'knee' around some particular value of R. For higher excited states, this 'knee' appears at a higher value of R. All other ions also show same features. Similar behaviour of energy values of He-like ions inside a spherical impenetrable box (referred to as 'Coulombic sphere' hereinafter) was reported in a recent publication [41] where the potential inside the box was purely Coulombic. Within the ion-sphere, energy value of the positively charged ion is modified for two factors:
1. The environment envisaged by IS potential which is governed by plasma electrn density and 2. The truncation of wave function at a finite distance that generates a pressure on the system. In order to asses the effect each factor on the energy eigenvalues, we have also studied separately the modification of energy values of two-electron ions due to the truncation of the wave function at different radii of Coulombic sphere. The ground state energy of a 'free' C 4+ ion where the wave function is infinitely extended is −32.406247 a.u. whereas within a Coulombic sphere and ion-sphere both having a radius of 20.0 a.u, the energy values are −32.406247 and −31.806294 a.u. respectively. It shows that for a large box radius, almost 100% of the shift in the energy is due to the effect of plasma. The truncation of wave function becomes significant when the size of the sphere is reduced. At a radius of 0.7 a.u., the ground state energy values of C 4+ ion within Coulombic sphere and ion-sphere are −31.192275 and −14.880628 a.u. respectively which shows an effect of almost 7% on the shift of energy level is coming from the truncation of wave function. This effect increases to 22.4% and 26.2% for truncation radius of 0.5 and 0.4692 a.u. respectively. A closer look at the results quoted in tables 6 − 8 leads us further to the following observations.
1. Decrease in number of excited states: For two-electron ions C 4+ , Al 11+ and Ar 16+ we see that as n e increases, the ions become less bound and also the number of excited states decreases. For example, C 4+ exists in the ground state up to R = 0.4692 a.u. but 1s2s ( 1 S e ) state ceases to exist after R = 0.9017 a.u. and 1s3s ( 1 S e ) destabilizes after R = 1.3761 a.u.
Similar feature is observed for all the ions and also for 1 P o states. For H-like ions of C, Al and Ar, the 2s state destabilizes much before 1s with increase of R.
Reduction of ionization potential:
Ionization potential for a two-electron ion is defined as the amount of energy required to ionize one electron from the ground state (1s 2 ). It is observed from tables 6 − 8 for all the ions that with increase in plasma density, IP decreases and beyond certain density, the two-electron energy levels move above the one-electron threshold. We have studied the variation of IPD of two-electron ions w.r.t. n e from the difference of IP within and without (i.e. free case) the surrounding plasma environment. In figure-2 figure-2 . The effect of surrounding plasma on different two-electron energy levels should be different and consequently, IPDs should differ from one configuration to another. It is evident from figure-2 3. Quasi-bound states of two-electron ions: Quasi-bound states or continuum bound states may be found in continuous part of the spectra for electronic confinement under different potentials [49] and has also been observed experimentally [50] . These states have great structural similarity with the discrete energy levels. For a two-electron ion, the ground state and all singly excited energy levels, in general, lie below the first ionization threshold. Tables 6-8 show that for high values 'R' (i.e. almost free case), this feature is maintained for all the ions but as R decreases, all singly excited states of two-electron ions become less bound more rapidly than the respective one-electron ion. For example, at R = 20.0 a.u. the energy values of C 4+ as reported in table-6 lie below the 1s threshold of C 5+ . At R = 5.0 a.u. the 1s4p ( 1 P o ) state moves above the 1s threshold but lies below 2s threshold. Similarly, at R = 2.0 a.u. 1s3s ( and Ar 16+ with experimental measurements [22] [23] [24] and existing theoretical calculations [36] . Table- -11 that as n e increases, the pressure upon the ion increases and the ion moves towards destabilization. We observe that for a low value of n e , the pressure upon the one-electron ion is higher than the respective two-electron ion and after a certain increase of n e , the pressure on the two-electron ion exceeds the pressure experienced by the corresponding oneelectron ion. With a view to studying the variation of thermodynamic pressure (P ) with respect to the IS volume (V ) under an adiabatic expansion, we have tried to fit the results for the two-electron ions obtained from the present calculations according to the ideal gas relation,
where γ is the ratio of two specific heats. From a least square fit of ln P vs. ln V plot, the value of γ comes out to be close to 1.4 for all the two-electron ions. To be precise, for C 4+ , Al 11+ and Ar 16+ , the values of γ are 1.41, 1.37 and 1.37 respectively.
Conclusion
Accurate analytical evaluation of the two-electron correlated integrals in Hyllerass coordinates within a finite limit has been performed. The intricacies of such calculations have been discussed in detail and the general applicability of these integrals has been established for arbitrary values of physically acceptable parameters. This methodology has immense potential to be useful for evaluation of the energy values and other spectral properties for three-body ionic and exotic systems placed within different external confinements such as strongly and moderately coupled plasma, fullerene cages, barrier potential, potential well etc. With the recent advancement in experimental technique, the present methodology becomes relevant for calculating accurate plasma electron density from the spectral analysis of hydrogen and helium-like ions. We conclude that the ion-sphere potential where the electron density is calculated by using the SP model of IPDs provides a realistic picture of ions embedded in SCP environment. The present non-relativistic results reported here can be useful for plasma diagnostics and the non-relativistic energy values can serve as benchmark for future calculations to estimate relativistic and QED effects on two-electron ions within finite domain. 
4+ with respect to ion-sphere radius R. Table 3 : Convergence of the integral I(α, β; R) w.r.t. the number of terms (q) in the infinite series using equations (28) and (29) . The notation x(y) indicates x × 10 y .
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